Downward continuation migration cannot provide reliable angle domain common image gathers (CIGs) for steeply dipping reflectors, because it cannot handle most waves that illuminate steep reflectors. Also there is a severe stretch in conventional horizontal subsurface offset at steep reflectors. Both reverse-time migration and plane-wave migration in tilted coordinates solve these two problems and provide robust angle domain CIGs for steeply dipping reflectors. A test on the BP velocity benchmark dataset shows that both migration methods generate robust angle domain CIGs that are comparable. When the migration velocity is not correct, the angle domain CIGs from both migration methods show useful moveout information for velocity estimation.
INTRODUCTION
Velocity estimation plays a key role in seismic imaging. A typical migration velocity analysis method includes three steps: (1) migrations using the background velocity are run to obtain angle domain CIGs; (2) curvatures are estimated from angle domain CIGs by residual moveout analysis; (3) curvature information is inverted to velocity update by back projection.
Assumptions about the subsurface are made during most velocity estimation methods, such as a horizontal stratified earth for NMO or flat reflectors by Toldi (1985) . Even recently, for a sophisticated tomography, only reflectors that are not very steep are chosen for velocity estimation and are assumed to be flat in residual moveout analysis (Clapp, 2000) .
However, CIGs of steeply dipping reflectors are important in velocity analysis. The angular coverage of the rays illuminating near-flat reflectors is very limited. Most rays travel in a direction that is less than 30
• from the vertical direction. Therefore, seismic reflection tomography is a limited angle tomography, an ill-posed problem (Tam and Perez-Mendez, 1981) . Since most rays are almost vertical, the vertical resolution in seismic reflection tomography is very limited (Clapp, 2000) . In contrast, most waves illuminating steeply dipping reflectors have a part of wave-path that is almost horizontal. Therefore using angle domain CIGs of steep reflectors improves the angle coverage of rays in tomography. As a consequence, this reduces the poor condition and improves the stability of the problem. It also leads to less artifacts caused by low angular coverage and better vertical resolution of the resulting velocity.
Angle domain CIGs of steeply dipping reflectors are also useful for anisotropy parameter estimation. VSP and check shots are usually used to improve the angular coverage in anisotropy parameter inversion (Bear et al., 2005) in addition to the reflectors picked in conventional reflection tomography. Since angle domain CIGs of steep reflectors also broaden the angular coverage, they help to constrain anisotropy parameter estimation. It is well known that the anisotropy parameter δ is mainly constrained by waves traveling close to the vertical direction but the anisotropy parameter η is mainly constrained by waves traveling close to the horizontal direction. Therefore, CIGs of reflectors that are almost flat is useful for estimating the parameter δ but the estimation for the parameter η estimation needs CIGs of steeply dipping reflectors.
Downward-continuation migration is routinely applied in the industry. However, it is difficult to obtain reliable angle domain CIGs of steeply dipping reflectors by conventional downward continuation migration (Biondi and Shan, 2002; Biondi and Symes, 2004) . Downward continuation migration is based on the one-way wave equation, so it can propagate waves traveling almost vertically well but it cannot propagate waves traveling almost horizontally accurately. But waves illuminating steeply dipping reflectors travel almost horizontally or even overturn before or after they bounce. Reverse-time migration can image steeply dipping reflectors and provide robust angle domain CIGs by using the vertical subsurface offset in addition to the horizontal subsurface offset (Biondi and Shan, 2002) . Shan and Biondi (2004) have demonstrated that plane-wave migration in tilted coordinates is an effective tool to image steeply dipping reflectors. In this paper, we discuss how to produce reliable angle domain CIGs using plane-wave migration in tilted coordinates. We use the BP velocity benchmark dataset to compare angle domain CIGs from reverse-time migration and plane-wave migration in tilted coordinates. Before we discuss plane-wave migration in tilted coordinates, we briefly review how to generate angle domain CIGs by downward continuation migration and reverse-time migration.
ANGLE DOMAIN CIGS BY DOWNWARD CONTINUATION MIGRATION
Both shot-profile and source-receiver migrations can generate subsurface offset domain CIGs that are equivalent to each other (Shan and Zhang, 2003) . In shot-profile migration, the source wavefield S(s x , x, z, ω) and receiver wavefield R(s x , x, z, ω) are extrapolated into all depths, where s x is the source location, x is the horizontal location, z is the vertical location, and ω is the angular frequency. Offset domain CIGs I(x, z, h x ) are formed by cross-correlating the source and receiver wavefields with a horizontal shift h x as follows (Rickett and Sava, 2002) :
where the horizontal shift h x is called horizontal subsurface offset, and S * is the conjugate complex of the source wavefield S. And I(x, z, h x = 0) is the conventional image. Offset domain CIGs I(x, z, h x ) are transformed to angle domain CIGs I(x, z, γ) by applying local slant-stacking in the space domain or radial-trace transform in the Fourier domain using the relationship as follows (Sava and Fomel, 2003) :
where k hx and k z are wavenumbers corresponding to h x and z, respectively.
For near-flat reflectors, angle domain CIGs obtained by downward continuation migration using equations 1 and 2 are reliable. However, there are two issues in downward continuation migration that impose difficulty in obtaining reliable CIGs of steeply dipping reflectors. First, steeply dipping reflectors are mainly illuminated by high angle and overturned waves, but these waves cannot be modeled accurately by downward continuation migration. Second, because of the stretch of the horizontal subsurface offset at steeply dipping reflectors, we cannot obtain reliable angle domain CIGs from horizontal offset domain CIGs. Given an opening angle, the steeper the reflector is, the larger the horizontal subsurface offset is needed to get a reliable angle domain CIG. However, the length of the subsurface offset is limited in shot-profile migration to save the cost. Therefore, we cannot get useful angle domain CIGs of steep reflectors from horizontal offset domain CIGs.
In the next two sections, we discuss how the two issues in downward continuation migration are solved by reverse-time migration and plane-wave migration in tilted coordinates.
ANGLE DOMAIN CIGS BY REVERSE-TIME MIGRATION
Reverse-time migration, based on the two-way wave equation, handles high-angle energy and overturned waves naturally. In downward continuation migration, source and receiver wavefields are extrapolated along the z-axis and the subsurface offset direction (the horizontal direction) is normal to the extrapolation direction (the vertical direction). In contrast, in reverse-time migration the source wavefield S = S(s x , x, z, t) and the receiver wavefield R = R(s x , x, z, t) are extrapolated along the time axis, where s x is the source location, x is the horizontal location, z is the vertical location and t is the travel-time. There is no functional difference between the x-axis and z-axis. Therefore, we can obtain general-direction subsurface offset CIGs in reversetime migration and conventional horizontal offset and vertical offset are only two Angle gathers of steep reflectors special cases (Biondi and Shan, 2002) . As with downward continuation migration, in reverse-time migration horizontal offset domain CIGs are formed by cross-correlating source and receiver wavefields with a horizontal shift h x as follows:
where the shift h x is called horizontal subsurface offset. Similarly, vertical offset domain CIGs are formed by cross-correlating source and receiver wavefields with a vertical shift h z as follows:
where the shift h z is called vertical subsurface offset.
As with downward continuation migration, we can apply equation 2 to transform the horizontal offset domain CIGs I x (x, z, h x ) to angle domain CIGs I x (x, z, γ). Similarly, we can also transform the vertical offset domain CIGs I z (x, z, h z ) to angle domain CIGs I z (x, z, γ) as follows:
where k hz and k x are wavenumbers corresponding to h z and x, respectively. Horizontal CIGs work well for flat reflectors but they are not reliable for steep reflectors, while vertical CIGs are good for steep reflectors. Both vertical and horizontal CIGs are not robust for an area with complex geology, where reflectors have a full range of dips. For a image point, the subsurface offset that parallels the dip direction of the reflector is called geologic offset. CIGs would be robust if we used geologic offset for each image point. However, it is too expensive to generate geologic offset CIGs directly. Biondi and Symes (2004) demonstrate that the geologic offset h 0 , horizontal offset h x , and vertical offset h z can be linked by the following relationships:
where α is the dip angle of the reflector. The relationships (equations 6 and 7) also show why horizontal CIGs fail at steeply dipping reflectors. Large horizontal subsurface offset is needed to get reliable angle domain CIGs for a steep reflector. For the extreme case that the reflector is vertical, from equation 6 we need infinite horizontal subsurface offset.
Although neither vertical nor horizontal CIGs are robust, robust angle domain CIGs can be constructed by merging them as follows (Biondi and Symes, 2004) :
where α(x, z) is the dip angle at the location (x, z). Equation 8 is performed in the Fourier domain (k x , k z ), in which the dip angle of the reflector can be calculated accurately.
ANGLE GATHERS BY PLANE-WAVE MIGRATION IN TILTED COORDINATES
Reverse-time migration solves the two issues in downward continuation migration in generating CIGs for steep reflectors, but it is well known that it is expensive to apply reverse-time routinely. Plane-wave migration in tilted coordinates has been demonstrated useful imaging technology for steep reflectors (Shan and Biondi, 2004; Shan et al., 2007) . In plane-wave migration in tilted coordinates, the propagation direction of the waves illuminating steeply dipping reflectors is usually close to the extrapolation direction and thus they can be imaged correctly. In this section, we discuss how to generate angle domain CIGs by plane-wave migration in tilted coordinates and show that it can also produce reliable CIGs for steep reflectors. We start with CIGs in the conventional plane-wave migration.
As with shot-profile migration, offset domain CIGs in plane-wave migration are formed as follows:
where h x is the horizontal subsurface offset, S(p x , x, z, ω) and R(p x , x, z, ω) are the source and receiver wavefields corresponding to the ray parameter p x , respectively. Notice that the imaging condition in equation 9 is the cross-correlation between the source and receiver wavefields weighted with the angular frequency ω, which is also called ρ-filter in Radon transform literature. As with the conventional zerosubsurface-offset image, offset domain CIGs defined in equation 9 are equivalent to those obtained by shot-profile migration. Offset domain CIGs are transformed to angle domain CIGs by local slant-stacking (equation 2). Given a plane-wave source corresponding to the ray parameter p x , we use the tilted coordinates (x , z ) with a tilting angle θ. The subsurface offset domain CIGs Angle gathers of steep reflectors for this plane-wave source are formed by:
where the subsurface offset h x parallels the x axis. In plane-wave migration in tilted coordinates, the subsurface offset direction is not necessary the geologic dip direction, but is usually closer to the dip direction for steeply dipping reflectors, than the conventional horizontal subsurface offset. As for the transformation in the conventional plane-wave migration, we can transform offset domain CIGs I px (x , z , h x ) of plane-wave source corresponding to p x to angle domain CIGs I px (x , z , γ) in tilted coordinates by applying
where k h x and k z are wavenumbers corresponding to h x and z , respectively. For each angle γ, we rotate the image I px (x , z , γ) back to vertical Cartesian coordinates. The angle domain CIGs of all possible plane-wave sources are then stacked in vertical Cartesian coordinates.
We can also transform the subsurface offset CIGs obtained by plane-wave migration in tilted coordinates into horizontal offset and vertical offset CIGs, and merge them using equation 8 after transforming them into angle domain CIGs, similarly to reverse-time migration. Equations 6 and 7 are the relationships linking the geologic offset h 0 , horizontal offset h x and vertical offset h z . The horizontal and vertical offsets are two special cases and the relationship can be generalized to a general-direction offset. If the angle between the general-direction offseth and geologic offset h 0 is β, the relationship between them ish The angle β in equation 12 forh = h x is α and forh = h z is 90
• − α. From equation 12, the geologic offset h 0 is the optimal offset to generate angle domain CIGs and the further the offset direction is from the dip direction, the larger the subsurface offset we need given the same opening angle. For the tilted coordinate system (x , z ), the angle between the subsurface offset and geologic offset is θ − α. Therefore, the subsurface offset h x in tilted coordinates and the geologic offset h 0 can be linked by the following relationship:
From equations 13, 6 and 7, the subsurface offset in tilted coordinates h x , vertical offset h z and horizontal offset h x are linked by the following relationship:
By equations 14 and 15, the offset domain CIGs in tilted coordinates I x (x , z , h x ) can be decomposed into horizontal offset CIGs and vertical offset CIGs. Vertical offset domain CIGs and horizontal offset domain CIGs of all possible plane-wave sources are stacked after being rotated back to vertical Cartesian coordinates. Being transformed to angle domain CIGs, they are merged using equation 8, as with reversetime migration. Angle gathers of steep reflectors 
NUMERICAL EXAMPLES
We apply both reverse-time migration and plane-wave migration in tilted coordinates on the BP velocity benchmark dataset (Billette and Brandsberg-Dahl, 2005) . Figure  1 shows the velocity model of the dataset. The maximum offset is 15 km, which is much larger than that in a realistic case. We mainly focus on the area from x = 20 km to x = 35 km. Figure 2 shows the image of that area obtained by plane-wave migration in tilted coordinates. In this area, there are both steep salt flanks and near-flat sediments. We run migration with both the true velocity and the velocity that is 3 percent slower than the true one. We start with showing examples that both horizontal and vertical CIGs of reverse-time migration are not robust where there are a full-range of dip directions. Then we compare angle domain CIGs of planewave migration in tilted coordinates with those of reverse-time migration obtained by merging the horizontal and vertical CIGs. Figure 3 shows the horizontal subsurface offset domain CIGs with the true velocity obtained by reverse-time migration. Figure 3(a) shows the horizontal offset domain CIGs of the near-flat sediments at x = 23 km. The energy mostly focuses well at zero offset. Notice that the multiple energy (at z = 2.3 km and z = 3.9 km) does not focus at zero offset. Figure 3(b) shows the horizontal offset domain CIGs of the steep salt flank at x = 33.2 km. The energy leaks to far offsets because of the stretch of the horizontal subsurface offset at steep reflectors. Figure 4 shows the vertical subsurface offset domain CIGs at z = 3.25 km. For the steep salt flank at x = 33.2 km, the energy focuses well at zero offset while the energy leaks to far offsets for the near-flat sediments at x = 24.5 km. As in the theoretical analysis, horizontal offset domain CIGs are good for near-flat reflectors while vertical ones are good for steep reflectors. As with the theoretical analysis, Figures 3 to 8 demonstrate that in reverse-time migration both horizontal and vertical CIGs are not robust in complex area, where there are reflectors with a full range of dip. To obtain reliable CIGs, we merge horizontal and vertical angle domain CIGs by applying equation 8. We can also obtain reliable CIGs by plane-wave migration in tilted coordinates. In the previous section, we discussed two ways to generate angle domain CIGs in plane-wave migration in tilted coordinates. We choose the former one for the following examples. We transform offset domain CIGs into angle domain CIGs in tilted coordinates and then rotate the angle domain CIGs back to vertical Cartesian coordinates. After 2-D migration, angle domain CIGs are a 3-D cube I(x, z, γ). Conventionally, we look at vertical sections of the cube I(x = x 0 , z, γ). However, the image point moves along the direction normal to the apparent geologic dip of the reflector when the velocity is not correct (Biondi and Symes, 2004) . Therefore, the CIG of a image point should be viewed in the direction normal to its apparent geologic dip. Otherwise, for a steeply dipping reflectors, if we still look at the CIG cube in a vertical direction, most of the energy in the CIG we see belongs to image points in its neighborhood. Figures 9 and 10 respectively show the CIG cubes with the true velocity obtained by reverse-time migration and plane-wave migration in tilted coordinates. In both figures, the top panel shows the CIGs in the horizontal direction and the side panel shows the CIGs in the vertical direction. Reverse-time migration has better largeangle energy compared to plane-wave migration in tilted coordinates, but otherwise they are comparable. The offset of this dataset is unrealistically large and thus the maxmum opening angle is unrealistically large. Plane-wave migration in tilted coordinates is still based on the one-way wave equation. Both source and receiver wavefields are extrapolated in the same coordinates, so when opening angle is very large (more than 60
• ), the angle difference of source and receiver rays is large and thus one of them cannot be modeled accurately. But there is no angle limitation in reverse-time migration, therefore its large-angle energy are better handled than plane-wave migration in tilted coordinates. Given the realistic offset in real datasets, opening angles are usually smaller than 50
• . Therefore, angle domain CIGs of the two migrations are comparable for a real dataset. Notice that in both figures the CIGs of the steep salt flank look smeared in the side panel and those of the sediments look smeared in the top panel. This demonstrates that angle domain CIGs should be viewed in the direction normal to the dip direction. Figure 11 compares the stacks of the angle domain CIGs along the angle axis. Figure 11 As with the CIGs with the true velocity, reverse-time migration has better far-angle energy compared to plane-wave migration in tilted coordinates. In both figures, the moveout of the CIGs of the sediments is reasonable because the viewing direction is almost normal to their apparent geologic dip direction. But the CIGs of the salt flank (at z = 4.4 km) look smeared and forked because the viewing direction almost parallels its dip and most far-angle energy in the CIG belongs to the image points in its neighborhood. The curvature of the CIG is not reasonable and the moveout is too large, given the 3 percent velocity error.
Figures 12(c) and (d) are the normal-direction view of the angle domain CIGs obtained by reverse-time migration and plane-wave migration in tilted coordinates, respectively. The location of the event is at x = 32.6 km, z = 4.4 km, where the salt flank is present. Its apparent geologic dip is about 70
• . The vertical axis in both panels is the direction normal to the apparent geologic dip of the reflector. Similarly, reverse-time migration has better far-angle energy, otherwise Figures 12(c) and (d) are comparable. Given the 3 percent velocity error, both the CIGs show a reasonable curvature.
CONCLUSIONS
Conventional horizontal angle domain CIGs are not useful for steeply dipping reflectors because of the offset stretch. Reverse-time migration provides robust angle domain CIGs for both steep and near-flat reflectors by merging horizontal and vertical CIGs. Plane-wave migration in tilted coordinates can also provide reliable CIGs be-cause the propagation direction is closer to extrapolation direction and the subsurface offset direction is closer to the dip direction in tilted coordinates. For both methods, angle domain CIGs of a image point should be viewed in the direction normal to its dip direction. For the BP velocity benchmark dataset with unrealistically large offsets, comparisons show that reverse-time migration has better large angle energy, otherwise the angle domain CIGs from these two methods are comparable. When the velocity is not correct, the CIGs from both migration methods provide useful moveout information.
